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Abstract 

In this paper we present a simple way to price a class of barrier 
options when the underlying process is driven by a huge class of Levy 
processes. To achieve our goal we assume that our market satisfies 
a symmetry property. In case of not satisfying that property some 
approximations and relationships can be obtained. 
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1 Introduction 



Recently, the relationship between the implied volatility symmetry and other 
symmetry concepts has been established, as Fajardo and Mordecki (2006) 



have shown for Levy process and Carr and Lee (2009) have shown for lo- 



cal/stochastic volatility models and time-changed Levy processes. Also, Fa- 



jardo and Mordecki (2012) have studied the relationship of symmetry prop- 
erties with the skewness premium. Moreover, it is known that important 
applications, such as the construction of semi-static hedges for exotic options 
can be obtained, as Carr, Ellis, and Gupta (1998) and Carr and Lee (2009) 
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have shown, and its extension to multivariate derivatives due to Molchanov 
and Schmutzl(|2010p. 



The importance of such symmetry properties have demanded the analysis 
of conditions to verify what kind of underlying processes satisfy such prop- 



erties, as 


Carr 


and Lee 


( 


2009 


)• 


Fajardo and Mordecki 


( 


2008 


)• 


Fajardo and 


Mordecki 


(2010 


) and 


Tehranchi 


(2009) results have shown. 







On the other hand, Bates (1997) verified that put-call symmetry does 



not hold in practice, by constructing a hypothesis test that compares the 
observed relative call-put prices and the ratio given by Bates' rule. The ab- 
sence of symmetry has also been reported by Carr and Wu (2007). They 
found asymmetric implied volatility smiles in currency options. But, besides 
these empirical findings other applications of symmetry properties can justify 
their use, as for example the pricing of credit instruments, such as barrier 
contracts, as Carr and Lee (2009) have shown by constructing semi-static 



hedging for a class of barrier options. 



In the context of Levy processes the pricing of barrier contracts is a del- 
icated issue. We find some contributions, as Lipton (2002) who considers 



jump-diffusion process with exponentially distributed jumps. Also, Kou and 



Wang (2004) price barrier option with the double exponential jump-diffussion 



model. Asmussen, Madan, 



to price some kind of barrier options 



have the contributions of Rogers (2000) 
cesses, and Asmussen, Avram, and Pistorius (2004) 



and Pistorius (2007) consider the CGMY model 
For more general Levy processes we 
for spectrally one-sided Levy pro- 
for phase-type jumps. 



More recently, Fourier transform methods have been used to price barrier 



options under more general Levy processes see 


Eberlein, Glau, and Papa- 


pantoleon 


(2010 


), 


Eberlein, Glau, and Papapantoleon 


(2011 


) and 


Carr and 


Crosby 


(2010 


). For more references see 


Schoutens and Cariboni 





2009 


)• 



In this paper we present a very simple way to price special kinds of exotic 
options, such as digital call and put options, asset-or-nothing options, under 
a huge family of Levy processes assuming that a symmetry property holds. 
When symmetry property does not hold we obtain some approximations and 
we price the down-and-in power option, by extending Th. 7.6 in |Carr and 



Lee (2009) for our class of Levy processes. 
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The paper is organized as follows, in Section 2 we introduce our model. 
In Section 3 we present our main results for symmetric markets. In Section 
4 we present the results under absence of symmetry. In Section 5 we present 
some numerical examples and the last section concludes. 



2 Market Model 



Consider a real valued stochastic process X = {X t } t >o, defined on a stochas- 
tic basis B = (Q,T,F = (Jt)j>o,Q), being cadlag, adapted, satisfying 
X Q = 0, and such that for < s < t the random variable X t — X s is in- 
dependent of the a- field J-" s , with a distribution that only depends on the 
difference t — s. Assume also that the stochastic basis B satisfies the usual 



conditions (see Jacod and Shiryaev (1987)). The process X is a Levy pro- 
cess, and is also called a process with stationary independent increments. For 



Levy process in Finance see Schoutens (2003) and Cont and Tankov (2004). 



In order to characterize the law of X under Q, consider, for q G 
Levy-Khinchine formula, that states 



Ee iqXt = exp It 



laq 



2 2 , 

-a q + 



Mil) 



1 



with 



the 



iqh(y))U(dy)]], (1) 



h(y) = yM\y\<i} 

a fixed truncation function, a and a > real constants, and II a positive 
measure on R\ {0}Qsuch that J(l A y 2 )H(dy) < +oo, called the Levy mea- 
sure. The triplet (a, a 2 , IT) is the characteristic triplet of the process, and 
completely determines its law. 



Now we use the extension to the complex plane used by [Lewis ( |2001 ), that 
is we define the Levy-Khinchine formula in the strip {z : a < Im(z) < b} 
where a < — 1 and b > 0. Then we can define the characteristic exponent of 
the process X, in this strip, by: 



i>(z) = azi - -a 2 z 2 + I (e izy - 1 - izh(y))U(aly) (2) 



^({O}) could be denned as 0. Here we follows Cont and Tankov (2004). 
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this function ip is also called the cumulant of X, having E \e zXt \ < oo for all 
t > 0, and Ee zXt = e*^ 2 -*. For t — 1, Formula ([2]) reduces to exponent of eq. 
<Q with im(z) = 0. 

2.1 Levy market 

By a Levy market we mean a model of a financial market with two assets: a 
deterministic savings account B = {B t } t > , with 

B t = e r \ r > 0, 

where we take B = 1 for simplicity, and a stock S 1 = {S t }t>o, with random 
evolution modeled by 

S t = S e Xt , S = e x > 0, (3) 
where X = {X t } t > is a Levy process. 

In this model we assume that the stock pays dividends, with constant 
rate 5 > 0, and that the given probability measure Q is the chosen equiva- 
lent martingale measure. In other words, prices are computed as expectations 
with respect to Q, and the discounted and reinvested process {e~( r ~ s ^ S t } is 
a Q-martingale. 

In terms of the characteristic exponent of the process this means that 

=r-S, (4) 

based on the fact, that Ee-^^ = e -*(»-*-^(i)) = 1, and condition Q 
can also be formulated in terms of the characteristic triplet of the process X 
as 

a = r - 5 - a 2 /2 - / (e» - 1 - l m<1} )U(dy). (5) 

Jm. 

Then, 

2 2 p+oo 

1>{z) = iz(r -5--)-z 2 - + J [iz(l - e y) + (e"» - lp(^) (6) 

Henceforth we will denote this exponent by due to its future dependence 
on parameter /3 of our jump structure. 
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2.2 Market Symmetry 



Here we use the symmetry concept introduced in Fajardo and Mordecki 



(2006). We define a Levy market to be symmetric when the following re- 



lation holds: 

C ( e -(r-6)t+X t | = c ( e -(5-r)t-X t | (?) 

meaning equality in law. Otherwise we call the Levy market asymmetric. As 



Fajardo and Mordecki (2006) pointed out, a necessary and sufficient condition 
for ((7j) to hold is 

U(dy) = e~ y U(-dy). (8) 

This ensures II = II, and from this follows a — (r — 5) = a — (5 — r), giving 
([7]), as we always have a = a. 



Moreover, in Levy markets with jump measure of the form 

U(dy) = e^U (d y ), 



(9) 



where Uo(dy) is a symmetric measure, i.e. Uo(dy) = U (—dy) and (3 is a pa- 
rameter that describe the asymmetry of the jumps, everything with respect 
to the risk neutral measure O. 



As a consequence of (ph, Fajardo and Mordecki (2006) found that the 



market is symmetric if and only if (3 = —1/2. 

Now substituting in eq. ([6]), we observe the dependence of the character- 
istic exponent on the parameter 0: 

2 2 p+oo 

^( z ) = tz (r-5- Y )-z 2 Y + J [iz{l-e y ) + {e izy -l)]e^U {dy), (10) 



from her we obtain the partial derivative with respect to /3: 



d(3 



+00 



—izy 



IZ 



1 - eV)]yePm (dy). 



(11) 



It will be needed in the approximations to be presented later. 
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3 Results 



Let (Ti mp (x)(x, ($) denote the Black-Scholes implied volatility, that depends 
on the log-moneyness x = log K/F, where K is the strike price and F the 
forward price, the symmetry parameter j3 and denote by f x the price of a 
European style digital call option with maturity T and barrier K x , i.e. at 



Maturity derivative pays off f x (y) 
by g x and pay off given by g x (y) 



-{ e y>K x }- 



The put version is denoted 



l{ e v<K x }- As in Eberlein, Glau, and 



Papapantoleon (2010), we can take y = X T + ln(S ) + (r — S)T, then/ (X T 



1 



{e x T>l}- 



Now our main result. 



Theorem 3.1. When symmetry holds ((3 
call option with barrier K is given by: 



-1/2) the price of the digital 



fo 



-rT 



N(- 



In the case of an European digital put option, the price is given by: 



go 



-rT 



1-N{- 



Proof. Lets denote BS c (ai mp (x, (3)) the Black and Scholes price of and Euro- 
pean call with maturity T, strike K and spot price Sq. When the risk neutral 
interest rate is denoted by r and the price is driven by a Levy process with 
characteristic triplet (a, a, II), that BS-price is given by: 

BS c (a imp (x,f3)) = Ee- rT (S e x ^ - K) + . 
Now, we know by Levy-Khintchine formula 



iza — z 



l)e^U (dy), 



when U(dy) = e Py H {dy). Also, as we are interested in properties of option 
prices we need that discounted prices process be martingales, then as showed 
in doT), characteristic exponent must be given by: 



2 2 r+oo 

^( z )=iz(r-6- Y )-z 2 - + J [iz{l-e y ) + {e izy -l)]e^U {dy). (12) 
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Then, we can compute the BS-price as: 



BS c (a irnp (x,f3)) 



oo 
rT 



2tt 



e~ rl (S e x - K) + f XT (x)dx 



_j^iz+l e ~iz(\n(S ) + (r-q)T) 



Z\Z — I) 



(13) 

< T ^(- z) dz (14) 



where the last equality was obtained using Parserval. By Lewis (2001) and 



Lipton (2002), we know that the option value (V) of an European call with 



maturity T and strike K x is given by: 



-rT 



V(x,T) 



2tt 



iv+R 



_ Tfiz+1 

e -iz(ln(S )+(r-q)T) e Ti, fi (-z) n x ^ 

z(z — i) ' 



(15) 



with v E (a, b) and real constants a < — 1 and b > 0, where K x = S e^ r g ^ T e x . 
Rewriting, we have 



V(x,T) 

Observe that 

dBS c (K,a imp (x,P)) 
dx 



-K x e 



-rT 



2vr 



T,p 8 (-z) 



-dz, v > 1. 



iv+R 



Z(Z — I) 



dBS c (K, a mp (x, (3)) dK dBS c (K, a imp (x, 0)) da 



dK 

-N(d 2 )Ke- rJ 
dV 



dx 



da 



, ,, t dBS c (K,a imp (x } /3)) da 



da 



dx 



dx 



(x,T). 



dx 



Where the last equality is obtained using (15). Then, 

sgn(^(x,/3)) = sgn (^(x,T)+N(d 2 (x))K e - rT , , 



now deriving (15) w.r.t a;, we have 



Then, 
sgn( 



^-(x,T) = — / e tzx -e T ^^dz, v > 1. 

dx 2n /,-„,„ iz 



^(x,0)) = sgn (±- [ e^-e T ^dz + N(d 2 (x))) ,Vx, 

OX \ Z7T ./,,, i tb IZ ) 



when x = 
,da 



sgn{ 



imp 



dx 



(0,/3)) = sgn 



1 

2^ 



Now we know by a result due to Fajardo and Mordecki (2006) that in sym- 
metric Levy markets (f3 = —0.5), the implied volatility must be symmetric 
w.r.t to the log-moneyness i.e. 



1 

2^ 



^(0,-0.5) = 0, Then 



iz 



^ . 5 (-z) dz = _ N (_ 



Finally, remember that the price f x of a digital call option with barrier K x , 
computed in our Levy market can be expressed a^] 



fx 



2tt 



e izx -e T ^ { - z) dz,Wx, v>0, 
iz 



(16) 



From here the result follows and the put case is an immediate consequence 
of g x = e~ rT - f x . □ 

Now under symmetry we can price other barrier options as asset-or- noth- 
ing barrier options, i.e. at maturity derivative pays off p(Sr) = St1{s t >k}- 

Corollary 3.1. Under symmetry the price p of an asset- or-nothing option 
with barrier Sq is given by: 



P = e- rT S 



1-N(- 



Proof. Using Corollary 2.14 in Carr and Lee (2009) with the martingale 
S t = exp(X t + ln(S'o) + (r — 5)t) and H = 1, we have: 



E [S l{s T <i}\ = E 



St±{s t >sI} 



and by Th. 3.1 we have 



p = e~ rT E 



St1{s t >s%} 



S e 



-rT 



1-N{- 



□ 



2 Sec 



Eberlein, Glau, and Papapantoleon (2010). 
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4 Absence of Symmetry 
4.1 Approximations 



Now denote by I(/3,x) the integral defined in (16). Let Ip and I x denote the 
partial derivatives of I(/3,x) with respect to (5 and x. Then some approxi- 
mations can be obtained. 

Corollary 4.1. If we consider not too asymmetric markets (\/3 + 0.5 1 < e) 
and near at-the-money digital call options (\x\ < s). 

• For a barrier K x , we have 

/ r T } 

/(-0.5, x) sa e- rT N{-°^- ) + xI x {-0.5, 0) 

• For any symmetry parameter (3, we have: 

709, 0) ^ e~ rT N(-^) + {fi + 0.5)7^-0.5, 0) 



7n general, we have: 

7(/3, rr) S3 e " rT iV(-^-) + (/5 + 0.5)7^-0.5, 0) + x7 x (-0.5, 0) 



Proof. It follows directly from Taylor approximations and our Theorem 3.1. 

□ 

Similar approximations can be obtained for the digital put option, since 
g x = e- rT -I(P,x). 

Observe that in the approximations we need to compute: 

7,(-0.5,0) = ! -e T ^- z)d ^{-z)dz, v > (17) 

2vr J iv+R iz d(3 

and 

—rT f 

4(-0.5,0) = / e T ^-°- B ^dz, v>0 (18) 

then we need a specific expression for the characteristic exponent and using 
FFT techniques we can compute the integrals, as we will present in Section 
5. 
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4.2 More General Results 



First, we need to extend Th. 7.6 in Carr and Lee (2009) 



Theorem 4.1. Let X t be a Levy process with characteristic triplet (/i, a, II) 
and characteristic exponent denoted by ip, with Levy measure given by H(dy) = 
e^Ylo^dy), where (3 ^ —0.5 (absence of symmetry) and define 



a :- 



/'■ 



^ /3^0; 
P = 0. 



2(1 



Then for any payoff function^ f , we have: 



Ef(S 2 



E 



Sn 



-2/3 



/ 



sy aT 



(19) 



S e aT J J V St 
Proof. Here we follow Carr and Lee ( 2009[ ), i.e, define the following process: 

Y t :=-2/3X t + (T-t)^(2/3t). 
Denote by U y its Levy measure. Then, 

U y (x) = e-^ + ^U x (dx) = e~^U {dx), 



as 



Fajardo and Mordecki (|2006|) proved, process Y t satisfy market symme- 

■ e f ^ 2 ^ 1 ' < oo, the price process 



try property. Moreover, as E(e 2/3X * 



s t = s 







-2/3 y t 



(S t e a ( T *)) 2/3 is a martingale and satisfy the desired sym- 



metry property. 



Finally, using our symmetric process St, we can apply Th. 2.5 in 



Lee 



Carr and 



(2009) to the function x h- >■ f(x 1 ^ 2/3 ), from here the result follows. □ 



5 Numerical Examples 

Lets consider the Normal Inverse Gaussian(NIG) distribution. Which has 
the following characteristic function: 

ipp{z) = iz/i + 5 [\Ja 2 - (3 2 - a/q; 2 - (/3 + iz) 2 ^ , -(3 -a < Im(z) < (3 + a. 

(20) 



5 A payoff function is a nonnegative Borel function on 



10 



From here 

(-) = §( P + iz 13 | (21) 

dP {Z> \ y/tf -((3 + izf ^a 2 - /3 2 J 

Before pricing Barrier options we need to estimate the parameters of the 
NIG distribution. To this end we consider daily returns of S&P500 from 
12/01/2009 to 12/01/2011 and using maximum likelihood estimation we find 
(ji,a,5,0) = (0.0018,49.99,0.0085,-9.22). But we need the risk-neutral 
parameters, then we use the density given by the Esscher Transform. To 
compute this density we need the interest rate so we use the interest rate given 
by the U.S. Treasury in that date r = 0.0012. Under this transformation we 
obtain the following parameters: 

(ff,a*,5*,p*) = (0.0018,49.99,0.0085,-4.18) 



With these parameters and the expressions (20) and (21), we can com 



pute the integrals given in (17) and (18) in the overlap of the strips giving 



^(-0.5,0) = 0.2621 and 4(-0.5,0) = 7.3212 . 

Now we want to price barrier options on S&P500 that matures in one 
year, i.e. T = 1. We need the volatility then we use the VIX of 12/01/11, as 
a proxy of S&P500 volatility, a = 0.2741. 

5.1 Call and put digital option 



Using our Th. 3.1| we know that he price of a call and put digital option 



ATM under symmetry is given by: 

f = e- a0012 iV(-0.1371) = 0.4449, 

and 

go = e - a0012 [l - jV(-0.1371)] = 0.5539 
and the approximations are given by: 

• For any barrier K x , such x G [— e, e\ we have 

/(-0.5, x) w 0.4449 + 7.3212x 

• For any symmetry parameter /3 G [—0.5 — e, —0.5 + e], we have: 

1(13, 0) w 0.4449 + 0.2621(0 + 0.5) 
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• In general, we have: 

J(/3, x) w 0.4449 + 0.2621(/3 + 0.5) + 7.3212x 

Now using e — e — 0.01, we have the following figure. 



S6.P500 Barrier Option Prices 




-0.51 -o 01 

beta 



Figure 1: Barrier Option Prices for different Moneynesss and Symmet 
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5.2 Down-and-in power option 



Now to price a down-and-in power option on S&P500 we observe that in the 
NIG case we have: 

a = 11 = 0.0018. 



Using T = 1 and applying Th. 4.1 to the function /(St) = l{s T >i}, we 
obtain: 



E (l { s T>1} ) =E(l 



E ' 1 {S T >1] 



{Sf; 36 >l} 



E 



E 



(S* T ) 8 - 36 

o 0.015 



S 



T 



S e' 



0.0018 



^.36 



>1 



Where St = S T ' 36 satisfies symmetry properties and S T = e Xr is an asym- 



metric process. Using Th. 3.1, we obtain: 



-0.0012 



E 



(S 



* \8.36 



T) i {l449.4>5*} 



0.4449 * e 



0.015 



0.4516 



6 Conclusions 

We have obtained an easy way to compute the price some barrier options un- 



der Levy processes, using the symmetry property obtained by Fajardo and 



Mordecki (2006) and in case of absence of symmetry we have obtained some 



approximations and extending Th. 7.6 in Carr and Lee (2009) we have ob- 
tained a general relationship. 

Some possible extensions are of interest, as the pricing of the class of 
Contingent Convertible with Cancelable Coupons (CoCa CoCos) introduced 



by Corcuera, Fajardo, Jonsson, Schoutens, and Valdivia (2013) under Levy 



processes. 
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